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We investigate numerically the statistics of quantized vortices in two-dimensional quantum turbu-
lence using the Gross-Pitaevskii equation. We find that a universal −5/3 scaling law in the turbulent
energy spectrum is intimately connected with the vortex statistics, such as number fluctuations and
vortex velocity, which is also characterized by a similar scaling behavior. The −5/3 scaling law
appearing in the power spectrum of vortex number fluctuations is consistent with the scenario of
passive advection of isolated vortices by a turbulent superfluid velocity generated by like-signed
vortex clusters. The velocity probability distribution of clustered vortices is also sensitive to spatial
configurations, and exhibits a power-law tail distribution with a −5/3 exponent.
PACS numbers: 47.27.-i, 03.75.Lm, 67.85.De
I. INTRODUCTION
Richardson’s cascade picture of turbulence captures,
in essence, the transport of energy across scales in three-
dimensional (3D) classical fluids: Energy is injected at
large scale, and a self-similar breakdown of vortices trans-
ports energy down to the dissipative, small scales. This
direct energy cascade develops because the kinetic energy
in 3D turbulence is the dominant statistically invariant
quantity, and is associated with Kolmogorov’s law for the
energy spectrum E(k) ∼ k−5/3 for wavenumbers k in the
inertial range, i.e. in-between the injection and dissipa-
tion scales.
By contrast, two-dimensional (2D) classical turbulence
manifests itself in a spectacularly different way due to the
absence of vortex stretching and twisting. Apart from
the kinetic energy, the total vorticity is also a statistical
invariant which leads to two inertial cascades. Namely,
an inverse energy cascade from small to large scales with
the emergence of coherent rotating structures at large
scales, and a direct cascade of enstrophy associated with
the conservation of vorticity [1]. Even though the energy
flows in the opposite direction, the turbulent energy spec-
trum still follows the Kolmogorov k−5/3 law in the inverse
cascade regime, up to the injection scale below which it
crosses over to a k−3 scaling associated with the forward
enstrophy cascade [1]. There is no full consent on the
physical mechanism behind the inverse energy cascade.
In fact, several physical process have been proposed, such
as Kraichnan’s picture of ‘thinning’ of small-scale vor-
ticity by strain at large scale [2, 3], and the Onsager’s
picture of clustering of same-signed vortices [4].
Albeit the turbulence phenomenon and its spectral en-
ergy transport emerge from the formation and interaction
of vortices, the relationship between the statistical prop-
erties of turbulence and vortex dynamics is still an open
and challenging problem. The role of vortices as the pri-
mary structures in turbulence has been long recognized
since the pioneering work of Onsager on the statistical de-
scription of 2D turbulence in terms of an ensemble of in-
teracting point vortices [4]. This reduction of turbulence
to a complex bundle of vortices has become an effective
way of studying turbulence since the realization of turbu-
lent states in quantum fluids [5, 6], and the remarkable
discovery that quantum turbulence share similar large-
scale statistical properties as classical turbulence [5, 7].
Unlike classical vortices which have a diffusive, contin-
uous size and vorticity, quantum vortices are defined by
a quantized circulation, i.e. Γ =
∮
C
~v · d~l = nκ, where
n is an integer and κ = h/m is the quantum circulation,
which leads to vortex filaments (in 3D) and point-like
vortices (in 2D) with well-defined vortex cores. Quantum
turbulence is generally referred to as a complex tangle of
these quantized vortices. Despite their quantum nature,
the turbulent energy spectrum generated by the inter-
action of these vortices is characterized by Kolmogorov’s
classical k−5/3 scaling law on scales larger than the mean
separation between vortices in superfluids [5] and Bose
Einstein condensates [6]. The similarity between classi-
cal and quantum turbulence underscores the universality
of turbulence, and the approach to turbulence from vor-
tex dynamics.
In 3D quantum turbulence, the energy spectrum is as-
sociated with a direct energy cascade [5, 8]. The vortex
statistics in the turbulent regime has a particular signa-
ture. For instance, vortex line density L is a fluctuating
quantity due to vortex interactions. Its frequency power
spectrum density decreases as f−5/3, which is at odds
with the classical interpretation of L as a measure of
superfluid vorticity, ω = κL [9]. However, this puzzle
was cleared out by a phenomenological model in which
the vortex line density L is decomposed into polarized
and unpolarized filaments, and the analogy to a passive
field advection by turbulence is used to explain the f−5/3
spectrum [9–11]. This scaling law of the power spectrum
of vortex line fluctuations was observed experimentally
in both 4He [12] and 3He-B [13], as well as in numerical
simulations of vortex filament model [10, 11]. In addition
to the vortex line statistics, the fluctuations in the super-
fluid turbulent velocity are also broadly distributed and
characterized by a universal v−3 power-law tail which has
been reported experimentally in superfluids [14] and in
numerical simulations of 3D trapped Bose-Einstein con-
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2densates using the Gross-Pitaevskii equation and the vor-
tex model [15].
While a Kolmogorov −5/3 scaling regime in the in-
compressible kinetic energy spectrum has also been ob-
served in 2D quantum turbulence, the direction of the
energy cascade here is more controversial because the
compressibility of quantum fluids introduce additional
small-scale dissipation by pair-vortex annihilations with
phonon emission [16–19]. Since it is more tricky to deter-
mine the energy flux across scales due to vortex-phonon
interactions, the cascade is typically inferred by indirect
methods. In systems where energy is injected at long
wavelengths and dissipation is most effective at small-
scales due to compressibility effects and vortex annihila-
tions, a direct energy cascade is proposed to dominate the
inertial scaling. This was inferred either from the tem-
poral evolution of the energy spectrum [16, 20], or the
energy flux across a black-hole event horizon in a holo-
graphic gravity dual model of superfluid turbulence [20].
On the contrary, an inverse energy cascade is attributed
to the dynamical regime dominated by vortex clustering
and energy injection on scales comparable to the vortex-
core size [17, 18, 21]. Vortex clustering serve to sup-
press annihilation events, restoring the conservation of
enstrophy in a statistical sense. Several numerical stud-
ies of the 2D Gross-Pitaevskii equation and point vortex
model [17–19, 21] have been focusing on the effect of vor-
tex clustering on the inverse cascade of the incompress-
ible kinetic energy.
The aim of this paper is to study the particular signa-
ture of an inverse energy cascade on the statistical prop-
erties of vortices. We use the damped Gross-Pitaevskii
equation with a stirring potential as proposed in Ref. [17],
which can simulate a statistically-steady state turbulent
regime of a 2D trapped BEC undergoing stirring, where
vortices are emitted in clusters in the wake of the stir-
ring obstable. As shown previously [17], the incompress-
ible energy spectrum develops a k−5/3 power law in the
clustering regime. By investigating the effect of vortex
clustering on the vortex statistics, we find that the power
spectrum of vortex number fluctuations and the distribu-
tion of clustered vortex velocities are characterized by a
universal power-law behavior with a −5/3 exponent as
that for the energy spectrum.
The structure of the paper is as follows. In Section
II, we present the damped Gross-Pitaevskii model with a
Gaussian stirring potential for simulating 2D turbulence
in trapped BEC. The numerical method of tracking vor-
tices and the clustering algorithm for finding clusters of
like-signed vortices are detailed in Section III. The in-
compressible energy spectrum is discussed in Section IV,
while the statistics of vortex number fluctuations and
vortex velocity fluctuations are presented in Sections V
and VI. Finally, Section VII contains a brief summary
and concluding remarks.
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FIG. 1: Time snapshot of the density field |ψ| (a), the measure
of the quantized vorticity (b), and clustering of the like-signed
vortices (c).
II. GROSS-PITAEVSKII EQUATION
We consider a 2D Bose-Einstein condensate described
by the wavefunction ψ(~r, t), with |ψ|2 related to the parti-
cle density of the condensate. The evolution of the wave-
function ψ(~r) is described in the mean-field approxima-
3tion by the damped Gross-Pitaevski equation (dGPE).
We use an augmented GPE with a time-dependent ex-
ternal potential for generating statistically-steady state
quantum turbulence as proposed in Ref. [17]. In two di-
mensions, the dynamics is described by
∂ψ
∂t
= (i+ γ)
(
1
2
∇2 + 1− V (~r, t)− g|ψ|2
)
ψ, (1)
with the damping rate γ which models phenomenologi-
cally the energy dissipation by interaction with a thermal
bath. Eq. (1) is written in dimensionless units by appro-
priate rescaling of space and time in characteristic units
of the coherence length ξ and typical time ξ/c = ~/µ,
where c =
√
µ/m is the speed of sound determined by
the chemical potential µ and the particle’s mass m. The
parameter g describes the nonlinear self-interaction of the
condensate, and can be eliminated from the equation by
a rescaling of the wavefunction ψ → √gψ, thus
∂ψ
∂t
= (i+ γ)
(
1
2
∇2 + 1− V (~r, t)− |ψ|2
)
ψ. (2)
The time-dependent external potential V (~r, t) is mea-
sured in units of chemical potential µ, and consists of
a trapping potential Vt(~r) and a time-dependent stirring
potential Vext(~r, t) used to generate quantum turbulence
as proposed in Ref. [17]. The trap is given by the har-
monic potential as
Vt(~r) =
1
2
ω2t r
2, (3)
such that it causes the Thomas-Fermi solution of ψ to
vanish when the harmonic potential exceeds the chemical
potential, thus for radii larger than the Thomas-Fermi
length RTF =
√
2/ωt. Given a desired size of RTF of
the condensate, we can therefore choose the parameter
as ωt =
√
2/RTF .
The time-dependent stirring potential Vext(~r, t) is
given by a Gaussian obstacle centered at ~rext(t),
Vext(~r, t) = V0 exp
{
−|~r − ~rext(t)|
2
w2
}
, (4)
where V0 > 1 is the height of the obstacle, and the width
is set to w = 4ξ. The center of the obstacle moves in a
circle of radius Rext = 0.4RTF with a speed vext, so that
~rext(t) = Rext
[
cos
(
vext
Rext
t
)
~i+ sin
(
vext
Rext
t
)
~j
]
, (5)
where ~i and ~j are unit vectors in the x− y plane.
We set the values of the model parameters in the pa-
rameter space associated with the turbulent regime [17].
We consider the particular values V0 = 1.4µ, RTF =
0.8 × 256ξ and γ = 0.009, and vary the stirring speed
vext of the Gaussian obstacle so that we obtain a more
robust clustering of vortices in the wake of the obstacle.
We solve the dGPE from Eq. (2) numerically by us-
ing spectral methods with exponential time differencing,
and study different dynamical regimes depending on the
different values of the stirring speed vext.
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FIG. 2: Time windows of the vortex density fluctuations ver-
sus fraction of vortex clusters for different values of the stir-
ring velocity vext. Vertical lines mark times where the stirrer
has moved in a complete circle around the condensate.
III. TRACKING AND CLUSTERING OF
VORTICES
We locate the position and velocity of quantized vor-
tices directly from the wavefuntion ψ using the field for-
mulation of Halperin [22] and Mazenko [23]. A similar
numerical implementation of this method was studied
numerically for Ginzburg-Landau and Swift-Hohenberg
dynamics in Ref. [24]. The key insight behind this
method is that vortices occur exactly where the wave
function vanishes inside the Thomas-Fermi radius, i.e.
for V < µ. The zeroes of the ψ(~r, t)-field can be re-
lated to the density of vortices ρ(~r, t) by the transforma-
tion ρ(~r, t) = δ(ψ)D(~r, t), with the Jacobian determinant
given by [23, 24]
D =
∣∣∣∣ ∂x Reψ ∂y Reψ∂x Imψ ∂y Imψ
∣∣∣∣ = Im (∂xψ∗∂yψ) . (6)
This Jacobian field is zero everywhere except within a
vortex core, and its sign indicates the rotational direc-
tion of the vortex. We can therefore apply a thresh-
4old to the determinant in order to locate these vortex
cores. However, due to the presence of the external po-
tential V , the maximum value of D will vary roughly as
|ψTF |2 = 1 − V . We therefore normalize the field D by
this factor, and search for regions where D/(1 − V ) ex-
ceeds a given threshold. There are two spatial regions
where this method becomes inapplicable. One is the
boundary region close to RTF , where the wavefunction
vanishes quickly. The other one is the stirring obstacle
and its wake where a dense collection of vortices are fre-
quently nucleated and vortex cores might not be isolated
from each other. To remove these boundary effects, we
apply two masks to the normalized D-field before apply-
ing the threshold. The boundaries of these masks are
drawn on the absolute value of the wavefunction in Fig-
ure 1 (a), and correspond to setting to zero the value of
D outside a circle of radius 0.9RTF and inside an ellipse
with the stirrer at one focus. The resulting normalized
D-field with these boundary masks applied is shown in
Figure 1(b).
Vortex positions can now be located by calculating the
center of mass of each connected region found. As dis-
cussed in the introduction, an inverse energy cascade is
associated with clustering of vortices of the same circula-
tion. We therefore implement a clustering algorithm us-
ing the method outlined in Ref. [18]. In this algorithm, a
pair of oppositely charged vortices are considered a dipole
if they are closer to each other than either is to any other
vortex. Two like-charged vortices are considered part of
the same cluster if they are closer to each other than ei-
ther is to any oppositely charged non-dipole vortex. The
resulting vortex positions and the clusters of like-signed
vortices are shown in Figure 1(c).
The clustering analysis allows us to measure the clus-
tered fraction, defined as the number of clustered vortices
relative to the total number of vortices. The fluctuations
in the clustered fraction is compared with those in the
number of vortices as shown in Figure 2 for different
values of the stirring velocity. We notice that the vor-
tex count is increasing from zero and then is fluctuating
around a steady-state value after few rounds of the stir-
ring obstacle. There is an initial spike in clustering, as
the stirring obstacle readily creates clusters. This high
amount of clustering is however not sustainable, and the
clustered fraction settles at a lower level. The vortex
counts fluctuate very little in the initial stages, when the
amount of clustering is large. This makes sense because
clustered vortices seldom interact with opposite-signed
vortices to annihilate with. As the amount of clustering
settles down, the fluctuations increase in strength. We
also observe that there is a tendency for the clustered
fraction to fluctuate towards larger values when the stir-
ring obstacle moves slower.
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FIG. 3: Loglog plot of the incompressible energy spectra at
t = 5060ξ/c for the various stirring velocities. The two ver-
tical lines mark kξ = 1, where the core structure becomes
important, and the approximate wavenumber kl = 2pi/l cor-
responding to the mean intervortex distance l. The different
spectra are shifted vertically for comparison.
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FIG. 4: Analytical incompressible energy spectra calculated
from the vortex configuration found at t = 5060ξ/c with
vext = 0.5c. This is compared to the numerical energy spec-
trum directly calculated from the velocity field, as described
in Section IV.
IV. ENERGY SPECTRUM
Quantum turbulence in BEC is characterized by a cas-
cade of energy across inertial scales analogous to that of
a turbulent flow in classical fluids. An energy cascade
is associated with a kinetic energy spectrum which ex-
hibits a −5/3 power-law over the inertial wavenumbers.
The classical energy spectrum is obtained by a spectral
decomposition of the kinetic energy of an incompressible
fluid,
Ekinetic =
1
2
∫
d2~rρv2 =
∫
dkE(k), (7)
where the classical fluid density ρ is constant, and the
energy spectrum is the accumulated energy in a shell in
5the ~k-space,
E(k) =
∫
|~k|=k
d2~kE
(
~k
)
. (8)
Using homogeneity and the convolution theorem, this
spectral density can be calculated from the Fourier-
transformed velocities as
E(~k) = 1
2
ρ~v
(
~k
)
· ~v
(
−~k
)
. (9)
By analogy, the same definition of the energy spectrum
for the BEC holds, but with two modifications due to the
compressibility of a quantum fluid [25]. Firstly, as the
density of the superfluid is not constant, the superfluid
velocity field obtained by the Madelung transformation
must be weighted by the square-root of the density as
~u(~r) =
√
ρ(~r)∇θ(~r), (10)
where θ(~r) is the phase of the wave function ψ. Secondly,
this weighted velocity field is decomposed into compress-
ible and incompressible parts, as follows
~u = ~uc + ~ui, where ∇ · ~ui = 0 and ∇× ~uc = 0. (11)
The incompressible energy spectrum is then calculated
as
Ei(k) =
∫
|~k|=k
d2~k
[
~ui
(
~k
)
· ~ui
(
−~k
)]
. (12)
We calculate the incompressible energy spectrum from
Eq. (12) for different speeds of the stirring obstacle and
the result is shown in Figure 3. We notice that at
wavenumbers larger than 1/ξ (corresponding to scales
smaller than 2piξ), the energy spectrum follows a univer-
sal k−3 power-law tail independent of the stirring velocity
and the model parameters. Although the −3 exponent
is the same as that for the enstrophy cascade in two-
dimensional classical turbulence, in the case of quantum
turbulence this regime is determined by the quantum vor-
tex core structure [21]. The energy injection scales falls
in the intermediate scales between the vortex core size
and the mean vortex separation l, where the k−3 scaling
also crosses over to a different regime. On lengthscales
larger than l but smaller than the Thomas-Fermi radius,
equivalently for 2pi/RFT < k < 2pi/l, a k
−5/3 starts to
develop in association to vortex clustering. Admittedly,
this wavenumber range is too narrow to confidently claim
the existence of an inertial scaling regime, although it was
assumed in previous similar studies [17, 18]. In fact, it
was recently shown in Ref. [19] that an accidental k−5/3
may occur as a cross-over regime between the two asymp-
totic scaling regime of the energy spectrum of isolated
vortices, i.e. k−1 at large k’s and k−3 at small k’s, and
that it disappears when the effect of vortex-core size is
removed. To test that the k−5/3 is indeed a true scal-
ing regime, but very limited by finite size effects and an
insufficient separation of scales, we seek to control these
effects by separating out the contribution due to vortex
clusters.
Energy spectrum of clustered vortices
One possible reason for the poor Kolmogorov scaling
signal in Figure 3 is the fact that there are many more
isolated vortices and dipoles compared to vortex clusters,
as we can see in Figure 2. Another important effect that
we believe may dominate the statistics is the limited sep-
aration of scales between the Thomas-Fermi radius and
the mean vortex separation.
As discussed in previous works, e.g. [17–19, 21], the
inverse energy cascade in two dimensional quantum tur-
bulence is attributed to clustering of like-signed vortices.
In order to isolate the contributions of clustered vortices
to the energy spectra, we use the analytical approach
from Ref. [21] to calculate the energy spectrum result-
ing from a given configuration of vortices taken from our
numerical simulations of the dGPE.
Based on the superposition principle of the velocity
induced by N well-separated vortices, the incompress-
ible energy spectrum can be determined by the energy
spectrum of a single vortex and the configurational dis-
tribution function of vortices as [21]
ENi (k) ∝ FΛ(kξ)GN (k), (13)
where FΛ(kξ) is the single-vortex energy spectrum calcu-
lated as
FΛ(kξ) = Λ
−1f(kξΛ−1), (14)
with Λ being the slope of the wavefunction of the center
of the vortex core and
f(z) =
z
4
[
I1
(z
2
)
K0
(z
2
)
− I0
(z
2
)
K1
(z
2
)]2
. (15)
The configurational function GN (k) for N vortices with
positions ~rp and circulation signs κp = ±1 is calculated
as [21]
G(k) = 1 +
2
N
N−1∑
p=1
N∑
q=p+1
κpκqJ0 (k|~rp − ~rq|) . (16)
We use the clustering analysis described in the previous
section to extract the position of clustered vortices from
vortex configurations obtained numerically. We then cal-
culate the separate contribution to the energy spectrum
of various subsets of vortices using Eq. (13). The result
is illustrated in Figure 4. The energy spectrum due to
all vortices follows the measured energy spectrum closely,
apart from lower measured energies at low wavenumbers.
This is because the analytical solution does not take into
account the density profile of the superfluid, which drops
off to lower values at larger scales. If we isolate the con-
tribution of vortex clusters, the Kolmogorov k−5/3 scal-
ing laws extends to much smaller wavenumbers, and ap-
proaches a decade of scaling. Also, we have checked that
this scaling law persists for k < 2pi/l even when we re-
move the effect of the core size.
6V. VORTEX NUMBER FLUCTUATIONS
To understand the connection between the statistical
properties of turbulence, e.g. energy spectrum, and vor-
tex dynamics, we study the statistics of vortex number
fluctuations and vortex velocity.
We investigate the effect of the vortex clustering on
vortex number fluctuations, in terms of their power spec-
trum. Temporal fluctuations of vortex counts are marked
by a transient period due to the nucleation of vortices in
the wake of the stirring obstacle. This transient time is
excluded from the statistics, therefore we look at fluctu-
ations in the steady-state regime, i.e. t > 4000ξ/c. The
resulting power spectra are shown in Figure 5. We see
a power-law decay with an exponent close to −5/3, at
least for the lower values of the stirring velocities.
The same power-law exponent for the power spectra of
the vortex line density was reported experimentally and
numerically for 3D counterflow turbulence in the super-
fluid helium [10–12]. A phenomenological explanation
of this scaling behavior based on the passive advection
by turbulence was proposed in Ref. [9]. The argument is
that the vortex line density L can be decomposed into two
parts, L|| + L×, which behave differently. The polarized
vortex line density L|| consists of vortex lines arranged in
parallel, so as to set up a large-scale rotational flow which
follows the k−5/3 spectrum of the turbulent normal fluid.
The unpolarized part, L×, is a complex tangle of vor-
tices, so that the resulting velocity field tends to cancel
out. Because of this cancellation, the unpolarized vortex
lines do not actively affect the velocity field and can be
considered as a passive vector, which is simply advected
by the normal fluid. Hence, the spatial fluctuations of the
L× field follows the same k−5/3 scaling as that of a pas-
sive scalar advected by the turbulence in the Obukhov-
Corrsin theory [26–28]. By Taylor’s frozen hypothesis,
the frequency power spectrum has the same scaling form
as the wavenumber power spectrum, hence f−5/3. The
fluctuations in the total line density is dominated by the
L× fluctuations, because the polarized vortices tend not
to interact by reconnections.
We propose that a similar scenario also holds in two-
dimensions and can account for the f−5/3 power spec-
trum of vortex counts. The vortex density n can be de-
composed into the density of clustered vortices nc and the
density of unclustered vortices nu. The clustered vortices
set up a velocity field ~vc which follows the k
−5/3 scaling,
as discussed in the previous section. Their density does
not fluctuate as rapidly as that of the isolated vortices,
i.e. clustered vortices can be envisaged as the persistent
structures. The unclustered vortices do not contribute
to the energy scaling, but are passively advected by the
~vc field. Hence the temporal fluctuations in the vortex
counts is dominated by those of the isolated vortices and,
using the passive scalar analogy, the power spectrum is
described by a f−5/3 on timescales corresponding to the
inertial-convective regime.
In Figure 6, we show that indeed the power spectrum
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FIG. 5: Loglog plots of the power spectra of vortex number
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FIG. 6: Power spectra for the number of vortices contained
in clusters of a given size s, with vext = 0.5c. The larger the
cluster size, the more the power spectrum falls off from the
f−5/3 power law at low frequencies.
of isolated vortices follows a f−5/3 scaling consistent with
the passive advection model, whereas the scaling regime
tends to disappear as we look at vortex clusters of in-
creasing size.
VI. VORTEX VELOCITY STATISTICS
As discussed in Section IV, the kinetic energy spectrum
is calculated from the superfluid velocity field given by
Madelung transform as ~vs = ∇φ, where φ is the phase
of the wavefunction ψ. The statistics of large turbulent
velocity fluctuations is however dominated by the single-
vortex effects. It is known that the probability distribu-
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FIG. 7: Vortex velocity distributions using three different sets
of vortices: All vortices, single vortices, and vortices belong-
ing to clusters of size 4. Inset: Vortex velocity distributions
for clusters of size 3 for different stirring velocities, shifted
vertically for comparison. Solid lines indicate the slope cor-
responding to a v−5/3 scaling law.
tion of the velocity induced by a single point vortex has
a power-law tail given by p(vs) ∼ v−3s , which can also be
predicted from a simple scaling argument. Given that the
velocity induced by an isolated vortex decays as 1/r at
the distance r from the vortex, then from the transforma-
tion of variables in the probabilities, p(vs)dvs = q(r)dr,
it follows that p(vs) = q(r(vs))| ∂r∂vs | where q(r)dr is the
probability of finding a vortex between r and r + dr.
Thus, for a uniform distribution of isolated vortices in
the plane, q(r) ∝ r, it follows that p(vs) ∼ v−3s . This can
also be derived from the point vortex model for configu-
rations of N uniformly distributed vortices [29].
Because high velocity fluctuations are induced in the
proximity of a vortex, and the distance between vortices
is bounded below by the vortex size ∼ ξ, the single-vortex
velocity distribution dominates the high-velocity tail, at
least for vs > c. This is one reason that it has also
been observed experimentally in quantum turbulence in
superfluids [14] and reproduced numerically in BEC [15].
However, because the tail distribution of the superfluid
velocity is dominated by contribution of single vortices, it
cannot be used as a measure which can signal a turbulent
cascade.
On the other hand, the statistics of vortex velocities
is an indicator of vortex clustering hence can be used
as an indirect way to determine if the quantum turbu-
lence exhibits an inverse energy cascade. As shown in
Refs. [21, 30], the k−5/3 energy spectrum is associated
with vortex clusters, where vortices follow a fractal spa-
tial distribution inside a cluster with the probability dis-
tribution q(r) ∼ r−1/3. The simple scaling argument
predicts that such clustering gives rise instead to a v−5/3
power-law tail. In a separate study [31], we show that
the v−5/3 also follows from the point-vortex model with
a non-uniform distribution of vortices. In principle, this
scaling appears in the superfluid velocity distribution at
intermediate velocities vs < c, but it may be difficult to
observe it in practice if there are not sufficiently many
vortex clusters compared to isolated vortices.
In order to sample cluster velocities more efficiently
we turn to the vortex velocities. The method of locating
vortices from the zeroes of the wavefunction ψ also pro-
vides a way of calculating the velocity of a vortex from
the time derivative and gradients of ψ [24]. Namely, the
velocity of a vortex located at position ~r is determined
by the current of vortex charge, and given as
vx =
1
D Im
(
ψ˙∂yψ
∗
)
, vy = − 1D Im
(
ψ˙∂xψ
∗
)
. (17)
Numerically, we calculate the weighted average of this
value across the region where D exceeds a threshold.
As there are only a few hundred vortices present at
a given timestep, we have to gather velocity values over
time in order to collect sufficient statistics for a vortex
velocity histogram. The advantage, however, is that we
can pick out only those vortices which belong to a clus-
ter of a given size. This allows us to specifically sample
the velocity statistics of vortices inside a clusters, and
compare this to other vortices.
Such a comparison is shown in Figure 7, where we have
three different velocity distributions: i) for all vortices,
ii) for isolated vortices, and iii) for vortices belonging
to clusters of size equal to 4 vortices. We see that the
distribution of velocities corresponding to clustered vor-
tices seems to follow a v−5/3 scaling regime up to an
ultraviolet cutoff at v & 0.5c. Like for the energy spec-
trum, an insufficient separation of scales limits the extent
of the scaling range for P (v), and additional insights are
needed in order to identify the power-law. In Ref. [31], we
showed that the scaling range for the tail distribution is
controlled by the mean density of clustered vortices, and
that a sufficiently low density is necessary for the onset
of a scaling range. Thus, we attribute the narrow power-
law tail in the numerical simulations to a high density
of vortices inside clusters, which in turn is related to the
fact that the vortex core size and Thomas-Fermi radius
are not sufficiently far apart.
In addition, we notice that the probability distribution
of velocities sampled on isolated vortices lacks a scal-
ing regime. This we attribute to the fact that clustered
vortices and dipoles act like ‘obstacles’ that prevent a
uniform spread of the isolated vortices within the disk.
We have checked that the v−3-scaling appears when we
redistribute the isolated vortices uniformly in the plane
disregarding the presence of these ‘obstacles’.
The inset plot in Figure 7 shows the distribution of ve-
locities of clustered vortices of size 3 for different stirring
velocities. We notice that the −5/3 power-law tail seems
to be more strongly expressed at lower stirring velocities
where the contribution from clustered vortices becomes
important. At higher stirring velocities, the lifespan of
clustered vortices is reduced and the statistics is dom-
inated by the isolated vortices, which do not exhibit a
scaling range.
8VII. SUMMARY AND CONCLUSIONS
In summary, we have shown that the spectral energy
transport in 2D quantum turbulence can be signaled from
the statistics of vortex number and velocity fluctuations.
This connection depends on the spatial clustering of like-
signed vortices. To show that the inertial k−5/3 regime
of the spectral energy is due to the vortex clustering, we
have studied separately the contribution of clusters and
isolated vortices to the energy spectrum.
Moreover, vortex clustering is also central to explaining
the f−5/3 scaling which we observe in the power spectrum
of the vortex number fluctuations. The explanation re-
lies on decomposing the vortex density field into clusters,
which set up a prevailing velocity field, and single vortices
which are passively advected by this field. Of the various
signals of the inverse energy cascade, the power spectrum
scaling is the most striking, as it covers a larger range
of frequencies than the energy spectrum. One possible
reason for this is that finite-size effects are less strongly
expressed in the temporal domain. The inverse energy
cascade due to vortex clustering corresponds to a partic-
ular statistical signature on the vortex velocity. We find
that the clustered vortex velocity probability distribution
develops a v−5/3 power-law tail which we observed in our
dGPE numerical simulations and can predict from a frac-
tal distribution of vortices inside a vortex cluster [31].
We believe that the power spectrum of vortex number
fluctuations is an experimentally accessible quantity like
in 3D experiments, so the predicted scaling law corre-
sponding to the 2D inverse energy cascade can also be
tested in highly oblate BECs.
A connection between the superfluid velocity distribu-
tion and the quantum energy spectrum was also estab-
lished in the hydrodynamic approximation in Ref. [32],
and used to study the emergence of coherent rotating
structures in decaying 2D turbulence.
We have focused on the lowest order turbulence statis-
tics in the regime dominated by vortex dynamics. It
would be interesting for the classical-quantum analogy to
however go beyond the energy spectrum and study the
intermittency effects. While intermittency corrections to
scaling of higher order structure functions have been ob-
served in 3D quantum superfluids [7, 33, 34], this has
not yet been investigated in the 2D quantum turbulence.
The obvious question would be if the direct cascade is in-
termittent, while the inverse cascade is non-intermittent.
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